Abstract-This paper analyzes the inductive coupling that occurs when a loop antenna is near other conductive objects that form complete loops and are excited by incident low-frequency magnetic fields. 
from directly striking the devices. However, when lightning strikes such a facility, low-frequency electromagnetic fields are developed inside [2] , [3] . For worker safety, it is important to make sure that no antenna configurations are formed by the detonator cable that will cause the explosive device to initiate. Techniques have been discussed in [4] [5] [6] on how to analyze several monopole and loop-type antenna configurations that can be formed. The focus of the analysis discussed in [4] was for electroexplosive devices on pedestal types of work stands. The open circuit voltages of loop antennas were found when there were no parasitic loops present (we use the term parasitic loosely to include closed loops that may also be touching the open loop). However, one typical type of work stand such as the one illustrated in Fig. 1(a) , can form multiple loops that alter the magnetic field in the vicinity of the cable.
In Fig. 1 (a), the exposed end of the cable is touching a conducting case. This case is attached to a work stand, which consists of metal bars on the top, middle, and sides attached to a conducting base. As shown in Fig. 1(b) , the other end of the cable passes through a hole in the case and ultimately attaches to an electronic detonator. The conductors of the detonator cable are at the same potential (in Fig. 1 , the purple around the cable represents insulation). If the voltage between the metal case and the detonator cable is too high, an electrical spark can form inside the detonator. If enough energy is dissipated in this spark, the explosives in the detonator can initiate. A time-domain circuit model is needed in order to determine how much energy is dissipated in a load, such as an electrical spark.
Using a quasi-static approximation, the temporal dependence of the magnetic flux density (B-field) developed in typical sized facilities due to a lightning strike is proportional to the lightning current, as follows [4] , [6] :
where B Ext (r, t) represents the time-dependent external B-field incident on the system of loops and B Max (r) is the maximum B-field developed at a location. The lightning current waveform I Lightning (t) is often approximated by either the double exponential or Heidler functions [7] [8] [9] . In [8] , parameters are given that describe the wave form for a severe 1% lightning strike, in which the maximum negative return stroke lightning current I Lightning M ax is 150 kA with a maximum derivative of 400 kA/μs. The current for a negative return stroke can be appreciable for several milliseconds and its derivative for several microseconds.
Although the EMC problem discussed earlier is specific, the low-frequency mutual coupling model that we will use to analyze the problem is useful for many antenna and EMC applications in which one needs to know how multiple loops interact. It is closely related to many applications for radio frequency identification (RFID) [10] [11] [12] , impedance matching of loop antennas [13] , loop antenna arrays [14] , calibration of loop antennas [15] , and source-to-sensor coupling [16] . The aforementioned references involve loop antennas interacting with other loops through inductive coupling. Thus, we will first review the inductive coupling theory. Then we will apply the theory to one loop antenna in the presence of one parasitic loop. Next, we compare experiments to the models for one loop in the presence of a parasitic loop. We will then extend the model to one loop in the presence of two parasitic loops, similar to the work stand shown in Fig. 1 . Although we will develop the model for a uniform external B-field, in the final example we will show how to apply it for a nonuniform B-field having a temporal waveform given by (1) .
Throughout our discussion, the results of finite element modeling will be used to help visualize the coupling, which is often the first step in solving difficult EMC problems. A visual representation of this inductive coupling is lacking from the literature listed earlier. The authors are also unaware of the theory being applied to three loops. Throughout this paper, we will assume that all conductors are PEC. This will allow us to emphasize the inductance theory. It will be obvious how to add additional impedances to our circuits if desired. We will also assume that the external B-field that excites the system is directed normal to the loops.
II. INDUCTANCE THEORY FOR LOOP ANTENNAS
It is well known that the electromotive force about a closed path is related to the time changing magnetic flux over the surface S that the path encloses via Faraday's law [17] , as given in (2a). For a uniform external B-field incident normal to the ith PEC shorted (no gap) loop, we obtain (2b) from Kirchhoff's voltage law The resultant non-uniform B-field is due to the current induced on the loop by the external field.
where B j represents the B-field created from the currents on the N loops in the system and ϕ represents magnetic flux. The final step in (2b) uses the definition of inductance, with L ij being the inductance between the ith and jth loop and I j the current in the jth loop. It can be seen from (2b) that the average external B-field through the ith closed loop must be equal to the negative of the average B-field from the N loops. Because of the quasi-static approximation in (1), one can see that ∂B Ext /∂t is proportional to dI Lighting /dt. The simplest example of (2b) is for only one loop in the system (N = 1). Fig. 2 shows the results of a frequency domain finite element simulation using Ansoft's HFSS for a 12-in square shorted loop with a circular wire diameter of 0.035 in. In this simulation B Ext was arbitrarily set to 1 mT directed out of the page. The angular frequency was set to 2 rad/μs, which is roughly the maximum frequency of interest for 1% extreme lightning (150-kA peak current and maximum derivative of 400 kA/μs [8] , [9] ). One can see in Fig. 2 that a current is induced on the loop which modifies the total B-field. For B Ext out of the page the B-field produced by the induced current is into the page inside the loop (Lenz's law). Using the right-hand rule one can find that the direction of the induced current is clockwise. Fig. 3 shows the results of a magnetostatic simulation using Ansoft's MAXWELL for the 12-in square loop with a current of 66.17 A applied clockwise. We can see that if one adds B Ext (1 mT) to the B-Field of Fig. 3 that we obtain the B-field in The equivalent circuit for one loop immersed in a time changing B-field is composed of a voltage source and an inductor, as shown in Fig. 4 . Note that the voltage source has been chosen such that the current flows in the same direction as that in Fig. 3 . The magnitude of the current is limited by the inductance of the loop, which can be found using
where B j in (3b) can be found using the Biot-Savart law [17] , given in (3a), or using a magnetostatic code. Using MathCad and (3), the self-inductance of the 12-in loop was found to be 1.406 μH. Using MAXWELL, the self-inductance was found to be 1.404 μH, giving a percent difference of only 0.14% between the two methods. Using the mesh-current method [18] to analyze the circuit in Fig. 4 , we see that we obtain v 1 = S 1 * ∂B Ext /∂t = L 11 ∂I 1 /∂t. Integrating we can solve for I 1
Plugging in values for our example we obtain I 1 = 66.17 A, which was the value used for the applied current in Fig. 3 . In the HFSS simulation, a line was added around the loop so that Ampere's law could be applied to find the induced current in Fig. 2 , giving 66.67 A. This results in a percent difference of 0.7% between theory and simulation. 
where (5) with (2b), we can see that the sign of the voltage source has been changed because of its reference direction.
Placing the terminal polarities that exist for N circuits in the correct direction can often be confusing when N closed loops are present which interact with each other. The authors suggest first picking one circuit to determine the reference direction for the voltage source. This can be done using Lenz's law and the righthand rule to determine the direction of current in the physical loop with all other loops open. The voltage source reference is then picked so that the current flows in the same direction in the circuit as the loop. All other elements in the circuit have a reference such that the current flows into the positive terminal of the element. The reference directions for the voltage sources of the other N −1 circuits are picked so that the current flows in the same direction as the first circuit, and the positive terminal for any element is the one that current flows into (with all other loops open).
III. ONE PARASITIC LOOP
Now that we have discussed the theory needed to analyze the N loops in our system, we will apply it to a two loop system. The external B-field and wire radius will be the same as discussed in Section II. For this B-field the current in the loops with no mutual inductance is in the clockwise direction. This leads to the circuits shown in Fig. 5(a) . By performing a mesh current analysis it can be shown that the circuit in Fig. 5(b) is equivalent to those in Fig. 5(a) . We can see in Fig. 5(b) that the self-inductances in Fig. 5(a) have been replaced by the sum of the self-inductances and the mutual inductance with the other loop. The two circuits in Fig. 5(a) share an inductance that is set equal to the negative of the mutual inductance in Fig. 5(b) . When V L = 0 (short circuit), we obtain the set of equations governed by (5) , in which the currents can be solved for by integrating and using Cramer's rule, resulting in
(6) If the load element in Fig. 5 represents an open circuit then no current flows in the second circuit and I 1 is given by (4) . We find that the gap voltage is given by
To illustrate the coupling, we will assume that one loop is the 12-in square loop and the other is a 1.643-in square loop that shares two segments of wire with the 12-in square loop. 
IV. MEASUREMENTS
Measurements were made to validate much of the theory and simulations discussed earlier. Experiments were performed in a 2-m high TEM cell [19] , [20] due to the low frequencies of interest. The experimental setup is shown in Fig. 8 . An arbitrary waveform generator that produces a sine wave is hooked up to a broadband amplifier. The broadband amplifier was needed because the voltages and currents generated in the loops are small at low frequencies. The output of the broadband amplifier is connected to the TEM cell. To increase the current and, hence, the B-field within the TEM cell it was terminated in a short. This increased the dynamic range of our measurements and had a negligible effect on the B-field spatial profile over the test region for the frequencies of interest. Because the fields are slightly nonuniform inside the TEM cell, a calibrated B-dot probe (a probe consisting of a series of loops used to measure a time-varying B-field) was used to obtain the average B-field over the test region. The current out of the broadband amplifier was monitored using a current sensor to aid in calibrating the cell. The output of the probes within the cell and the current sensor were hooked up to a digital scope.
The first measurement performed was to validate the current generated in the 12-in square shorted loop. A photograph of the loop and the Tektronix CT2 sensor used to measure the current are shown in Fig. 9 . The cardboard structure around the loop is to provide mechanical support. The results of the measurements and a comparison to theory are shown in Fig. 10 . Above 200 kHz the maximum percent difference between theory and measurement is 5%. Below 200 kHz the change in the sensor insertion impedance is likely the biggest factor that increases the percent difference between theory and measurement, which has a maximum of 14% at 30 kHz (our lowest value measured).
The second measurement performed was to validate the gap voltage for the 1.643-in square open loop inside the 12-in square shorted loop. Fig. 11 shows the construction of the loop assembly. Fig. 12 shows a comparison between the magnitude of the voltage measured and theory, as well as the calculated open circuit voltage of the small loop with no parasitic loops. The maximum percent error is 11% over the band shown with a constant ∼9% error present throughout most of the band that measurements were performed.
The final set of measurements was made to find the magnitude of the open circuit voltage of the 1.643-in square open loop outside the 12-in square shorted loop. Two different scenarios were tested. In the first, the small square loop shared a segment of wire with the large loop, as in Figs. 6 and 7. In the second, a small gap was placed between the small loop and the large loop so that they did not share any segment of wire. This is illustrated in Fig. 13 . The gap between the two loops was 2 mm. To get accurate measurements a spacer was needed to accurately separate the two loops, as shown in Fig. 13 . The results are shown in Fig. 14 . The maximum percent difference over the band between measurement and theory was 5% and 4% for the touching and gap cases. The good agreement between theory and experiment provide validation and give us confidence that the finite element software provides correct results.
In order to provide a more quantitative comparison between the experimental data and the theoretical values, the feature selective validation (FSV) technique was applied [21] [22] [23] [24] . The FSV program used for the comparison was downloaded from [25] . For the square open loop inside the square shorted loop (see Fig. 12 ), the grade and spread for the amplitude difference measure (ADM), the feature difference measure (FDM), and the global difference measure (GDM) [21] , [23] , were very good.
For the square open loop outside the square shorted loop for both the touching and gap cases the spread and grade for the ADM, FDM, and GDM were excellent.
Using the FSV method shows that we obtained better agreement between measurement and theory when the square open loop was outside the square shorted loop. The reason for this is mainly due to small errors in construction techniques. As can be seen in Fig. 11 , when the small square loop was placed inside the larger loop it was attached to the larger loop such that it included the corner of the large loop. Small imperfections in creating this corner slightly change the inductances and areas of the two loops. Despite these small experimental errors, the FSV shows that the agreement is still very good between the measured data and theoretical results.
V. TWO PARASITIC LOOPS
Because the theory, modeling results, and experiments have good agreement, we can extend the procedure to two parasitic loops. For the system of loops the circuit is shown in Fig. 15(a) with an equivalent circuit shown in Fig. 15(b) . By performing mesh current analysis one can verify that the two circuits are equivalent. Note once again the reference direction used. When V L = 0 (a short circuit) we see that we obtain (5). When V L represents an open circuit, I 1 and I 2 are given by (6) and V L is given by
To demonstrate the use of (8), we will first apply it to two 12-in square shorted loops and one 1.643-in square open loop. The configuration is shown in Fig. 16 . We will call the bottom, top, and inner loops loop 1, 2, and 3, respectively. We have found all the inductances in Section III except for L 12 , which is equal to −0.297 μH. Using (5), we calculate that I 1 = I 2 = 83.92 A and using (8) For our next example, we will investigate what happens when loop 1 is placed on a ground plane (G.P.), similar to the system of loops shown in Fig. 1. Fig. 17 shows the resultant B-field from a magnetostatic simulation used to find the inductance of loop 1. From the simulation, we find L 11 = 1.107 μH. The ground has a negligible effect on the other inductances. Using (5), we calculate that I 1 = 107.79 A, I 2 = 88.97 A, and using (8), we calculate that V L = −6.31 V. Using the results of the HFSS simulation, whose B-field is shown in Fig. 18 , it was found that I 1 = 108.33 A, I 2 = 89.47 A, and V L = −6.25 V, showing excellent agreement between simulated and calculated results. One can see in Fig. 18 that the currents from loops 1 and 2 no longer cancel each other in the segment of wire that the two share, unlike the case shown in Fig. 16 . Table II summarizes the results for the two different configurations, no G.P. and with a G.P.
For our final example, we will assume that the external B-field given by (1) is incident on the antenna system shown in Fig. 18 . We use the Heidler lightning current waveform discussed in [8] and [9] with a maximum derivative of 400 kA/μs. The resultant B-field as a function of time is shown in Fig. 19 , having a peak of 1 mT. When the B-field is assumed uniform, (8) can be used directly to determine V L . Fig. 20 shows the resultant V L (cyan line) and V 3 (blue line). The peak values for V L and V 3 are −6.31 and 3.48 V, respectively (note that these agree with the results in Table II) . Next, we assume that external B-field is nonuniform, such that it is 1 mT at the upper left hand side of the antenna system and decays linearly to 0.9 mT at the upper right- Fig. 19 . B-field incident on the antenna system for an extreme lightning strike using the Heidler lightning waveform discussed in [8] and [9] . Fig. 1 . Depending on the configuration, the stand may actually provide shielding to the exposed cable.
VI. CONCLUSION
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